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§1 INTRODUCTION 
LET X be a CW-complex, G a topological group and ~ a flat principal G-bundle on X, i.e. 
a principal G-bundle induced by a homomorphism tr: rq X = ~ ~ G from the universal cover- 
ing of X (in the differentiable case a bundle admitting a connection with curvature zero) 
[13]. From the Chern-Weil theorem [5] it follows for a differentiable fiat bundle ~ and a 
compact Lie group G that the characteristic homomorphism in real cohomology is trivial. 
Milnor proved in [13] the triviality of certain real characteristic classes for flat topological 
bundles by use of the result of Chern-Weil, and asked for a direct opological proof. An 
attempt for this was made in the last section of [12], but some conditions on ~IX had to be 
imposed. 
In this note we consider the topological case. The main result is the indication of a 
sufficient condition for the triviality of the characteristic homomorphism of a flat G-bundle 
in real cohomology (2.1 and 2.2). This condition is satisfied for any Lie group with compact 
Lie algebra (3.4). The condition is further shown to hold for any Lie group with reductive 
and complex Lie algebra (3.5) proving thus the triviality of the real characteristic 
homomorphism for a wide class of groups. The vanishing of the real Euler class for 
pseudo-orthogonal fl t bundles (a consequence of a theorem of Avez [0] and Chern [6]) 
and further 'vanishing theorems for real characteristic classes are proved in the case 
where the Lie algebra is reductive. The methods are however not conclusive for the Euler 
class of fiat GL+(n, R)-bundles [13]. 
At this place we would like to thank G. E. Bredon, E. Spanier and E. Thomas for 
helpful conversations. 
§2. THE MAIN THEOREM 
Let r~ be a discrete group, G a topological group and tr : rr --* G a homomorphism. 
Throughout the paper we assume that the identity component Go of G is path-connected 
that G has only finitely many connected components and that the rational cohomology 
ring H*(G, Q) is of finite dimension. Cohomology always means "singular cohomology". 
"[" The first author is a fellow of the Miller Institute, University of California, Berkeley and the second 
author is supported by NSF grants GP 1611 and 3990. 
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Let B~ be a classifying space n, of i.e. a space of type K(n, 1). The universal n-bundle q, 
with projection E~ ~ B~ defines a flat principal G-bundle q = a,r/, with projection 
p : E(~/) = E~ x ~G -~ B~ 
where E0/) is the quotient of the n-action on E~ x G [12] [13]. Let B~ denote the classifying 
space of G and H*(G, R) the n-equivariant cohomology of G with real coefficients. We shal 
prove the following 
THEOREM 2.1. Suppose the canonical (forgetful) map 
p : H*(G, R) ~ H*(G, R) 
is surjective. Then the characteristic homomorphism 
tl* : H*(B o, R) ~ H*(n, R) 
is trivial, i.e. zero in positive dimensions. 
THEOREM 2.2. Let X be a connected CW-complex and ~ a flat G-principal bundle on X. 
The fundamental group rq X=n acts on G by the holonomy homomorphism a : n~G.  
Under the assumption of 2.1 the characteristic homomorphism 
~* : H*(B¢, R) -+ H*(X, R) 
is trivial. 
Proof of 2.2 from 2.1. Let )~ be the universal covering of X, a n-principal bundle with 
classifying map ( : X - ,  B~. The bundle ~ has the projection map 
.~ X ~G-~ X 
where X x ~G is the quotient of the n-action on ~ x G. Hence the classifying map of 
factorizes through the classifying map of ~/and the result follows from 2.1 (see [12] for more 
details). 
Remark 2.3. If we consider a finite CW-complex X, then the conclusion of 2.2 can be 
restated in the following form: Every positive dimensional element of the integral character- 
istic algebra of ~ is a torsion class. The case of a finite group n is trivial, as then H*(n, R) 
- R. The condition of 2.1 is clearly satisfied in this case. 
Proof of 2.1. First we reduce the theorem to the case of a connected G. Let F be the 
kernel of the composition ~ G .-,, G/Go, Go the connected component of G. F c n is of 
finite index. Let a': F ~ Go the induced homomorphism and consider the diagram of 
classifying spaces with obvious maps 
x/F , G/G o 
t i 
Br ~ B~ o 
t 
B,, 8",B~ 
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The spectral sequences of these coverings are trivial and by comparison one obtains a 
diagram 
H*(F, R) ~/r ~ (B~')* H,(B~o ' R)o/~o 
H*(rc, R) ((B~). H*(B G, R) 
which shows that (Btr')* -- 0 implies (Btr)* = 0. Hence we can assume G connected. 
Now observe that the projection tc • E~ x G --, G is Tc-equivariant. Let i : G --, EQ/) = 
E~ x ~G be an inclusion. Since the action of the discrete group z~ on E~ x G is free we 
get a commutative diagram 
~11 It, 
H*(E,~ x ,~G, R) ~ H*(G, R) 
By assumption p is surjective. Hence i* is surjective, i.e. the fiber G is totally non-homolo- 
geous to zero in E(r/). 
We can now use the standard arguments on the Borel-Leray-Serre spectral sequence 
of ~7 in cohomology with real coefficients [1, ch. I-IV], [14, ch. I-III]. As i* is surjective, 
this spectral sequence is trivial and in particular p* is injective [1, prop. 4.1], [14, III, 7]. 
Consider the commutative diagram 
P*(B~, R) P'~ n*(E(,7), R) 
N 
H*(B,, . ;  R) , H*(E(r/), G; R). 
It follows that q* is injective in positive dimensions and the transgression ~ is an everywhere 
defined map which is zero in positive dimensions. Recall that H*(G, R) is an exterior 
algebra on a set of odd dimensional generators x~, ..., xn which form a basis of the sub- 
module of universally transgressive elements. Let z,~ denote the transgression i the 
universal G-bundle r/G. If cz ~ H*(BG, R) denotes a representative of z,~(x~) then H*(Ba, R) 
R[cl . . . .  , cn]. By naturality of the transgression we have for the classifying map r/: B= --. BG: 
rl*(ci) = rl*%~(xi) = z,(xi) = 0 which shows that ~/* = 0 in positive dimensions, q.e.d. 
§3. APPLICATIONS 
In the following we suppose G to be a Lie group and want to verify the condition of 
Theorem 2.1 in certain cases. In view of the first remark in the proof of 2.1 we can assume 
without loss of generality that G is connected. Let R*(G) denote the deRham algebra of 
differential forms on G, R*(G) and R*(G) the G- and n-invariant deRham algebras, G and rt 
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operating on G by left translations (g via a : ~ ~ G). Then we have a commutative diagram 
(3.1) 
f 
R*(G) ,R*(G) 
t 1 
,R (G) 
HG(G, R) )H*(G, R)---o-pH *(G, R) 
where the vertical maps are induced by integration of forms and the horizontal maps are 
canonical, a is deRham's isomorphism. Hence the surjectivity of/~ implies the surjectivity 
of p, which is the condition of 2.1. The next step will be the reduction to a Lie algebra 
problem. 
Observe that for a compact connected Lie group K one has R*(K) ~- R*(K) [3]. (For a 
differential form co on K one constructs a cohomologous K-invariant one by integration of 
co x over K with respect o the Haar-measure on K.) Further the cohomology of the Lie 
algebra g of G is given by H*(g, R) ~ R*(G) [4, p. 282] and [7]. 
Let K be a maximal compact subgroup of G with Lie algebra L Since G is topologically 
a product of K with a Euclidean space [10] it is clear that R*(G) ~- R*(K). Let j : t ---,g be 
the inclusion and consider the commutative diagram 
H*(g, R) J" , n*(t, R) 
(3.2) 211 ~LL 
R*(G)fi~ R*(G) "= R*(K) =" R*(K) 
It follows that fi is surjective if and only if]* is surjective. 
Let us now assume that the Lie algebra g of G is reductive. Then g =go x a where go 
is semi-simple and a is the center of g. The Lie algebra t of a maximal compact subgroup 
K of G has then the form f = f o x a o, where Jo : no c go is a maximal compact subalgebra 
of go (uniquely determined up to conjugation and occurring in a Cartan decomposition of 
go) and a o c a is an arbitrary subspace of a. Then the following is immediate. 
LEMMA 3.3. Consider the eohomology maps 
j* : H*(g, R) ~ n*(f, R) 
and 
j* : H*(go, R) ~ H*(fo, R). 
j* is surjective if and only if j* is surjective. 
Composing 3.1, 3.2 and 3.3 we see that for reductive g the condition of 2.1 holds if the 
map j* : H*(go, R) ~ H*(fo, R) is surjective. We now verify this latter condition in some 
cases. 
(a) g compact 
THEOREM 3.4. Let G be a Lie group with compact Lie algebra g, X a connected CW- 
complex and ~ a flat principal G-bundle on X. Then the characteristic homomorphism 
~* : H*(Bo, R) ~ H*(X, R) is trivial. 
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This is in particular true if G itself is compact, which is a result following for differen- 
tiable bundles from the Chern-Weil homomorphism [5]. For the compact classical groups 
3.4 asserts the triviality of the corresponding rational (or real) characteristic lasses: The 
Chern classes c~(~)Q for G = U(n), the Pontrjagin classes p~(~)Q for G = O(n), the Euler class 
X(~)Q for G = SO(2m) [13] and the symplectic Pontrjagin classes [2, p. 488] ei(~)Q for 
G = Sp(n). 
Proof of 3.4. The semi-simple part go of g is compact, hence the mapj~ of 3.3 is the 
identity. The result follows now from 2.2 and 3.1 to 3.3. 
Remark: (Added in proof). If G is compact heorem 3.4 also follows directly from (3.1) 
and the fact that/~ is an isomorphism for a compact Lie group G. For the following remark 
we are indebted to H. Samelson: The composition of the two maps in the bottom line of 
(3.1) is an isomorphism whenever G is a path-connected compact opological group (this 
is shown by integration of cocycles over G). Hence the conclusion of theorem 2.1 holds 
for compact opological groups G satisfying the initial conditions of §2. 
(b) I1 refluctive and complex 
THEOREM 3.5. Let the situation be as in 3.4. I f  g is a reductive and complex Lie algebra, 
then the characteristic homomorphism 4" : H*(BG, R) ~ H*(X, R) is trivial 
Examples of Lie groups with reductive and complex algebras are GL(n, C), O(n, C), 
SO(n, C), SL(n, C), Sp(n, C) and the exceptional complex Lie groups. 3.5 shows in par- 
ticular 
COROLLARY 3.6 [5]. The real Chern classes of flat GL(n, C)-bundles are trivial. 
Proof of 3.5. Let g = go x a, go semi-simple, a abelian. By 2.2 and 3.1 to 3.3 it 
suffices to show that for a maximalcompact s ubalgebra ofg o theinclusioninduces a surjection 
in cohomology. Now g is a Lie algebra with complex structure J : g ~g [9, p. 153] i.e. an 
R-linear map J satisfying j2 = _ 1 and J[x, y] = [x, Jy] for x, y e g. J defines a complex 
structure on go and hence go is the underlying real Lie algebra of a complex Lie algebra 
D : go = t) a. t) is with go semi-simple. Let u be a compact real form of I) : u ® C = I). 
Then u c go is a maximal compact subalgebra [9, p. 159]. Now consider the maps of 
enveloping algebras 
U(u) --, U(go) = u(,, ® c) a--, U(u® c) 
R ~R ~C 
which induce in cohomology 
H*(u, C) ~ H*(9 o, C) ~ H*(u ® C, C) 
By the mapping theorem [4, p. 150] the composition is an isomorphism. Hence H*(go, C) 
H*(u, C) is surjective. Hence the same must be true for real coefficients, which proves the 
theorem. 
(c) Some special cases 
We prove some vanishing theorems on real characteristic classes for flat bundles with 
158 F. KAMBER and PH. TONDE~ 
reductive non-compact groups. Let X be a CW-complex and < : X+ B, a flat G-bundle 
with group G. We shall make use of the following argument which is a trivial consequence 
of 3.5. 
LEMMA 3.8. If y : G + H is an inclusion into a reductive and complex Lie group H, then 
the composition 
II*@,, R) (By)r l H*(Bo, R) r’ > H*(X, R) 
is trivial. 
Further we observe that the inclusion of a maximal compact subgroup Kc G is a 
homotopy equivalence and hence induces a homotopy equivalence BK --f Bo of their classi- 
fying spaces [8, Theorem 9.11. 
PROPOSITION 3.9 [5] [13]. The real Pontrjagin ciasses ofJut GL(n, R)-bundles are trivial. 
Proof. This follows from 3.6 by the embedding y : GL(n, R) c GL(n, C). 
Remark 3.10. Let n = 2m. Then H*(BGL+(n, R), R) %’ R[p,, . . . . P,,,_~, x]. The uni- 
versal Euler class x is not in the image of (By)* and need not be killed by <*. Milnor [13] 
has given examples of flat GL+(2, R)-bundles with non-trivial real Euler class. m-fold 
products of such bundles give examples of flat GL+ (n, R)-bundles with non-trivial real 
Euler class. 
Let SO(p, q) be the group of matrices in SL(n, R) which leave invariant the quadratic 
form 
-X: - . . . - $ + $+1 + . . . + ~p2+~, p + q = n. 
From 
H*(BSO(n), R) & H*(BSO(n, C), R) 
i I 
H*(B(SO(p) x SO(q)), R) & H*(BSO(p, q), R) 
we see that the universal Euler class is an element of H*(BSO(n, C), R). Hence we get 
the following result, which for differentiable bundles follows from the Pseudo-Riemannian 
Gauss-Bonnet heorem of Avez [0] and Chern [6]. 
PROPOSITION 3.11. The real Euler class of a fzat SO@, q)-bundle is zero. 
Let Sp(n, R) denote the group of matrices in GL(2n, R) which leave invariant the 
exterior form x1 A x,+r + ... + x, A xZn. Consider 
H*(BSp(n), R) E R[e,, . . . . e,] & H*(BSp(n, C), R) 
I I 
H*(BU(n), R) z R[cr, . . . . c,] & H*(BSp(n, R), R) 
where cI is the i-th Chern class and ej the i-th symplectic Pontrjagin class [2, p. 4881. It 
follows 
I?ROPOSITION 3.12. The real symplectic Pontrjagin classes of flat Sp(n, R)-bundles are 
trivial. 
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